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Abstract
The paper details about a method suitable for
computing a family of thrust lines in a
rectangular, simply supported masonry panel
under its own weight. The masonry is assumed
as a homogeneous and perfectly no-tension
material. Because of the chosen boundary
conditions, thrust lines, whose second derivative
is equal to the load divided by the thrust, pass
through the bottom corners of the panel. The
method allows obtaining closed-form solutions,
useful for comparison with numerical results.
Findings of the paper also suggest that the
value of the thrust, which corresponds to the
solution of minimal stored energy, can be
asymptotically approximated.
Keywords: Masonry | No-tension material |
Thrust lines | Plane solution | Closed-form
solution
Introduction
A growing sensitivity towards Sustainable
Development and Environmental
Sustainability, to achieve a reduction of
environmental cost related to the use of
material in buildings, has stimulated the
increase of research interested in developing
new or analyzing in depth existing
construction techniques, which may be capable
of ensure savings in terms of employed
resources, reduction of waste production, and
even extension of the durability of
construction.
In particular, traditional techniques, being rich
in culture and tradition, represent often a
database of good practices able to reduce the
environmental costs of the construction. Some
contexts from the Mediterranean and the
Middle East areas can serve to demonstrate
the actual, or even only proposed, use of
sustainable technologies aimed at
regenerating parts of the urban and peri-urban
environments, in the respect of existing
cultural and natural environments, while
minimizing impact and carbon footprint [1].
Limiting ourselves to the case of Italy, it is
interesting to observe that, while the majority
of built environment and historical building
heritage is made of masonry structures, the
most part of new constructions built from the
end of the 2nd World War till today, both for
civil and industrial use, as houses or sheds, are
made of reinforced concrete, or of steel, in
some cases,. It is possible to argue that the
reasons for such a huge diffusion in
comparison to other techniques can be found
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in high mechanical performances of reinforced
concrete and steel and also on the availability
of reliable models to design structure made
such materials.
However, employing both concrete and steel
for buildings has a huge environmental costs.
Indeed, producing concrete and steel requires
a large amount of energy and material (as it
happens in marl quarries and in extraction of
iron) with a consequent high production of
waste and CO 2. Further, in the dismount phase,
large part of used material cannot be recycled,
thus increasing the amount of waste.
Further, for many different reasons,
maintenance is often difficult to carry out, as
recent unfortunate events, in Italy and abroad,
have emphasized.
The situation changes in case of traditional
buildings, often built using different materials
for specialized parts of the construction: for
instance in the same building there are walls,
made of stones or bricks (in some cases used
in combination) or even in any kind of earth
construction as adobe, cob and rammed earth,
while floors can be made of timber or, in the
most important buildings, vault or domes.
Naturally, the environmental impact of such
traditional building techniques is greater than
zero, being however significantly smaller than
in case of steel and concrete. Furthermore,
maintaining is easier in comparison to steel
and concrete and allow extending life of
buildings over very long time. Of course,
mechanical performances of traditional
techniques are not comparable with reinforced
concrete or steel. However, buildings, as small
houses, could be designed for small to
moderate performances, compatible with
traditional techniques and materials,
restricting use of higher strength materials
only to special buildings and structures.
Unfortunately, masonry buildings are very
complicated to model, for at least two reasons:
- De Saint-Venant Postulate in no longer
applicable due to the shape of masonry
elements;
- employed materials (as stone or clay, for
instance) have very low resistance to
tensile traction.
As a consequence, consolidated knowledge
usually applied in structural design, must be
revisited and suitable models must be
considered in studying masonry. We refer to
[2] for a critical insight on modeling of
masonry and its behaviour.
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The idea that masonry is essentially a notension material able to sustain infinite
compressive strength, zero tensile strength
and in which sliding between joints is not
allowed [3], stands behind the design of all
masonry structures, since antiquity[4]. Such a
model gives, on the base of limit analysis[3],
describes the collapse of masonry structures,
while the analysis before the collapse requires
a description of strain. The no-tension model
equipped with a proper constraint on the
strain has been developed since late 70s and
early 80s by many Italian researchers[5]-[11].
A solution for a rectangular no-tension thin
wall is proposed in [12]. The mathematical
systematization is presented in[13] and a
complete synthesis of the model was
presented in[14]. More recently, the problem
of equilibrium has been formulated as a
minimum problem for the complementary
energy functional over the set of statically
admissible stress fields [15]-[16].For detailed
surveys and reviews on methods and models
available for masonry structures, we refer,
among others, to [17], devoting special
attention to the research done in Italy on the
topic, and to[18], also considering
microstructured models.
Let us consider a panel referred to a Cartesian
frame 0x 1x 2x 3, being x 3 orthogonal to the panel
and x 2 in the same direction of gravity and
vertical loads, being zero any other load. The
equilibrium problem can be restricted to
searching for a stress state acting in the midplane of the panel only, satisfying
(1)

where x 2 represent the body force1. Since Eqs.
(1) contain three unknown, there are infinitely
many solution, and among those ([19], p.32),
the exact one attain the minimum of the
mechanical stored energy ([19], §5.6, p.62),
with deformations satisfying internal and
boundary congruence. However, although the
problem is correctly formulated, it is not easy
to find its solution, becoming even more
complicated in case of masonry panels. Indeed
in such cases, the stress tensor must be
negative semi-definite, i.e[7]:
(2)

which, resemble the Coulomb criterion
implying the Mohr circle must be in the
negative half-plane of stresses[7] (see Fig.1).
being S the thickness of the panel. Equation (3)
is rewritten as

where
is set.
Fig. 3 - Poligonal thrust line under point loads.

Since the solution must pass through the
points of coordinates (–b, 0) and(+b, 0), we
attain
(4)

Fig. 1 - Coulomb Criterion

If the exact solution for the elastic problem
satisfies also inequalities (2) in any point, then
it is solution for the no-tension panel. On the
contrary, if along any isostatic line at least one
of the three inequalities (2) vanishes, there are
parts of the panel not collaborating in the
equilibrium 2, meaning that the shape of the
panel and the part contributing to fulfill the
equilibrium are not necessarily coincident.
Indeed being not known in advance the
reacting part, i.e. the structure, and the inert
part makes the research of the solution a very
hard task to accomplish.
The thrust line
In masonry walls entirely supported by the
ground (or by other parts of the structure), a
solution satisfying the equilibrium3 may be
searched as the sum of a solution built for
body forces (vertical isostatic lines) and a strut
living in the region of the panel subjected to
external loads[20], p. 64 (with isostatic lines
having the same slope of load), as seen in Fig.
2. However, it is noteworthy that this is a
strong approximation[7], simple to find, but
not in agreement with the last of Eqs. (2). This
latter, being a nonlinear inequality, implies
that a simple combination of single effects is
not allowed.
The research of a whatever approximate
solution is more complicated if a panel is
assumed restrained on its vertical sides and
free on the bottom surface: in such a situation,
the strut can be replaced by a thrust line (Fig.
3), polygonal in case of point loads or
continuous in case of distributed loads.

Fig. 4 - Thrust line under body forces.

meaning that, as C1 increases from 0 to the
limit +∞, the thrust line has the intercept with
x 2 which goes from H down to 0 (see Fig.7).

(3)
Fig. 5 - The thrust line p 1(x1).

holds. In Eq.(3),C stands for the the thrust.
While C is constant 5, the axial force along the
line is variable and given by

attaining the minimum where i.e. at x 1= 0,
where N(0)=C is achieved.

Fig. 6 - Limit positions ofp1(x 1)

The first thrust line
Let us consider Fig.5, to which we refer for
notations. In order to find the thrust line in the
adopted frame of reference, the load q 1(x 1)
acting on the thrust line p1(x 1) is given by
Fig. 7 - The intercept with x2, i.e. the height of the
thrust line at x1=0, as a function of C1

Fig. 2 - Wall with a strut under inclined external load
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Figure 8 collects a number of results obtained
on a panel having dimensions 0.3 m × 0.7 m ×
3.0 m and mass density of 1200 kg m-3: by
lowering the value of thrust to 123 N, the
corresponding line is flattened to the bottom
side of the panel, in agreement with Eq.(4).
Of course, physically, compression is not
allowed to vanish because at least body forces
are always greater than zero, nor to increase
indefinitely, since in such a case strength of
material will be reached.
Although to take into consideration this aspect
is definitely beyond of the scope of this
contribution, it is reasonable to admit the
existence of a limit value for C1, over which the
panel would crack and the corresponding
thrust line would be characterized by the
smallest achievable curvature.

Fig. 8 - Thrust lines in a rectangular panel under its own weight and different thrusts.

The second thrust line

Fig. 10 - The second thrust line p2

Furtermore, it is possible to recognize (see Fig.
11)

Now, Eq.(3) becomes

where it is set
Again, under the hypothesis that the solution
passes through the points of coordinates (–b,
0) and(+b, 0), we attain:

A comparison of thrust lines
For further insight, let us suppose that, in a
given no-tension panel, a natural arch, of rise
x 2=f, took place and let’s try to understand if it
is better to assume the existence of one thrust
line of height f or two, the second one having
intercept f.
Because of the complicated structure of Eqs.
(4), (5) and (7), in what follows we will skip
analytical detail, leaving it for future work, and
consider results from numerical simulations
on the same panel reported in Fig.8, which we
recall has dimensions 0.3 m × 0.7 m × 3.0 m
and mass density of 1200 kg m -3. On assuming
the rise of the natural arch developed inside
the panel isf = 0.1 m, the two curves reported
in Fig.12 have been computed: the first, bluecolored one, from Eq.(4), is characterized by a
thrust of 25.5 kN (2495 kgf ); the second, redcolored one, from Eq.(7), has a thrust of 6.3 kN
(645 kgf ), which is doubled due to the force
applied to the dashed, orange-colored curve,
thus attaining a total of 12.7 kN (1290 kgf ).

Notice that Eq.(5) is discontinuous for C2→C1,
for which the differential equation solving the
problem takes the form
By setting C2 = mC1 in Eq.(7), with m varying
from 0 up to 17, it has been possible to
compute curves in Fig.13, where the values of
the thrust at the supports are reported versus
the the rises of thrust lines (i.e. the intercepts),
with the smallest thrustes invariably achieved
at m = 1.

whose solution is

Fig. 9 - The second thrust line p 2
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Fig. 11 - Limit positions of the thrust line p 2
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Fig. 12 - A comparison of two thrust lines

Fig. 13 - Thrust vs interceptor

Curves of grater order
On the basis ofprevious results, we guess that
increasing the number of curves in a solution
the stress state converges to the optimum
satisfying Eqs.(1) and inequalities (2).
Proceeding as before, at the third order it is

Concluding remarks and future work
A method suitable for computing a family of
thrust lines in a masonry panel, assumed as
perfectly no-tension, under its own weight, is
presented. The construction of each curve,
satisfying a system of second order differential
equations and inequalities, in which the
second derivatives of the searched curve is
equal to the load divided by the thrust, is
based on a strong assumption, that is all
curves pass through the bottom corners of the
panel. This assumption, indeed analytically
convenient, is not really suitable for actual
masonry panels, but correspond, on the
contrary, to a boundary condition simply
achievable in case of no-compression
membranes, as for instance cloths and fabrics
suspended to two pegs. Indeed, theory here
used for a toy-model of masonry, can be
straightforward applied to no-compression
material, just reverting inequalities in this
paper requiring the stress tensor be negative
semi-definite to be positive semi-definite.We
plan to explore this aspect in future work.
Finally, first obtained results already suggest
that the value of the thrust can be
asymptotically approximated to the optimal
one, which corresponds to that of minimal
stored energy. Next steps of this research, will
be in the direction of removing simplifying
assumptions on boundary conditions and
comparison with literature results.
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NOTES
1. Since x 2 is along the direction of gravity ,
the component x 1 vanishes.
2. Along isostatic lines, Eqs.(1) are
complemented by one equation from
inequlities (2) and become locally isostatic,
leading to a solution depending only on
forces.
3. In no-tension materials, the solution is
allowed to be not congruent.
4. In Eq. (3), q(x 1) > 0 if concordant with,
p(x 1) is concave, and C> 0 if compressive,
with the force directed inward the panel.
5. From the equilibrium of an infinitesimal
slice of p(x 1) along x 1, it is possible to see
that the x 1-component of the force acting
tangentially to p(x 1) satisfies, leading
toC(x 1)= C.
6. On curve p1 a stress-free boundary
condition is achieved, i.e., the stress
component orthogonal to the thrust line
vanishes.
7. It like to intersect the surface in Fig. 11
with a bundle of planes passing through the
vertical axis. Being the surface symmetric
to the bisector to first and third quadrant,
it suffices to determine sections of planes
in between the axis and the bisector. Hence,
m∈[0,1].
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